We have recently shown that for the special case of a bipartite system with binary inputs and outputs there exist equalities in local theories which are violated by quantum theory. The amount of white noise tolerated by these equalities are twice that of inequalities. In this paper we will first introduce an inequality in bipartite qutrits systems which, if non-maximally entangled state is used instead of maximally entangled state, is violated more strongly by quantum theory. Hence reproducing the results obtained in the literature. We will then prove that our equalities in this case are violated by quantum theory too, and they tolerate much more white noise than inequalities.
II. BELL EXPRESSIONS AND THE EXPERIMENTAL SETUP
To verify the non-locality in quantum theory we consider a bipartite experiment in which one party, say Alice, performs two measurements a ∈ {1, 2} with the outcomes i 1 ∈ {0, · · · , l 1 − 1} and i 2 ∈ {0, · · · , l 2 − 1} respectively. Similarly Bob performs two measurements b ∈ {1, 2} with the outcomes j 1 ∈ {0, · · · , r 1 − 1} and j 2 ∈ {0, · · · , r 2 − 1} respectively. So the l 1 × l 2 × r 1 × r 2 quantities γ i1i2j1j2 designate the double joint probabilities that measurements a = 1, a = 2, b = 1 and b = 2 give outcomes i 1 , i 2 , j 1 , and j 2 respectively. Obviously i1,i2,j1,j2 γ i1i2j1j2 = 1.
(
Now the joint probabilities, P iaj b ab , in terms of these double joint probabilities would be
As has been proved in [17] , two group of constraints, i.e. normalizability of joint probabilities and no-signaling reduces the number of independent P 's to N I = (l 1 + l 2 )(r 1 + r 2 ) − (l 1 + l 2 + r 1 + r 2 − 1).
Our numerical calculations show that N I is 15 and 25 for 22⊗33 and 33⊗33 cases respectively, which once again confirms the above equation. Note that Eq. (3), as mentioned in [17] , is not in agreement with the prediction in [18] . The reason is that one of the above constraints can be written in terms of the others and incidentally, this is not taken into account in [18] . We have fully discussed this in [17] . Also following the discussion in [17] , in local theories a Bell expression can be written as 
where µ's and ν's are non-negative real numbers resulted after separating the positive and negative terms. Now the upper bound and the lower bound of B can be written as
where c(d) is the greatest of non-negative real numbers µ's(ν's). The experiment we use is very close to that of Collins et al. introduced in [14] , but instead of using a maximally entangled qutrit state as they did, we use the general bipartite state
Applying a phase transformation as below
|k B P h.T.
and the following discrete Fourier transformation
would result the final state as
where α and β are real constant numbers to be determined later. If Alice and Bob measure on |m A and |n B respectively, then the joint probabilities would be 
In appendix B we have shown that according to local theories we must have −6 ≤ I ≤ 0.
If we define the matrix T mn as
and use the experiment discussed in section II, with D = 3, C m−1,n−1 = T mn , α = Hence reproducing the results in [15, 16] . These should be compared with the results obtained in [10] [11] [12] [13] [14] where, if maximally entangled states are used, the amount of violation and the tolerance for 33⊗33 (55⊗55) case are predicted to be 0.87293 (0.91054) and 0.30385 (0.31284) respectively.
IV. EQUALITIES IN 33⊗33 SYSTEMS
Equalities are built from Bell expressions which satisfy Eq. (6) with d = 0 and c = 1 which we will call formal Bell expressions from now on. Our numerical calculations show that formal Bell expressions in 32⊗22, 22⊗33, 32⊗32, and 33⊗33 cases, whether violated by quantum theory or not, are all built from 22⊗22 case by dividing one (or more) outcomes to two outcomes. As an example, the formal Bell expression for 32⊗22 case is obtained from 22⊗22 case simply by dividing one of the outcomes in setting labeled a = 1, on the left arm or Alice's measurements, to two outcomes. Similarly the formal Bell expression for 22⊗33 case is obtained from 22⊗22 case by dividing one of the outcomes in setting labeled b = 1 and one of the outcomes in setting labeled b = 2, on the right arm or Bob's measurements, each to two outcomes. Furthermore, if E is a formal Bell expression then its complement E c , whose sum with E add up to 1, can be obtained from E using one of the normalizability conditions, i.e.
i,j P ij ab = 1. So based on these numerical results we conjecture that for higher dimensions the derivation of equalities must be similar. With this conjecture two formal Bell expressions in 33⊗33 case, which are complements of each other and are violated by quantum theory, can be built from 22⊗22 case easily. One such formal Bell expression is E = +P 
and its complement E c is E c = +P 
In appendix C we have shown directly that
It is interesting to note that if E and E c are both positive, then, according to normalizability condition, both of them must be less than or equal to 1 and none of them would be violated by quantum theory. Now again using numerical calculations we have found that for the experiment discussed in section II, with
62 100 δ a2 (δ xy being Kronecker Delta), and β = 16 100 δ b1 − 3 10 δ b2 , the value of E c predicted by quantum theory is −0.14895. So from Eq.s (16) and (18) we conclude that according to local theories we must have |E| = | + P 
However, for these settings the value of E predicted by quantum theory is 1.14895.
Although equalities have not been tested in experiments yet (as far as the author is aware), they are testable because, as in the case of inequalites, in the testing of an equality the measurement of a Bell expression is relevant. Now let's consider the tolerance of our equality, i.e. the maximum fraction of white noise admixture for which the Bell expression (16) stops being violated. The Werner state for three dimensional system is represented by
where Ψ is the entangled state as in Eq. (7) 
where E c is the value of the Bell expression according to quantum theory (i.e. for ρ = |Ψ Ψ|) and for the above experimental setup it is −0.14895, and m c (n c ) is the number of joint probabilities, P ij ab , with positive (negative) sign, and from Eq. (17), m c − n c = 4. So for p = 0.50203 it is readily seen from Eq. (22) that E noisy c (p) = +0.14895 and consequently according to local theories E noisy (p) is still 0.85105. The amount of violation of our equality, i.e. the difference between the value of the Bell expression (16) according to quantum theory and its value according to local theories, is 1.14895 − 0.85105 = 0.29790 which is much less than that of inequality (14) and the one introduced in [14] . However, one should note that Eq. (14) contains 24 P 's and its range of violation, i.e. the difference between the upper and the lower bound predicted by local realistic theories, denoted by R, is 6. But equality (20) only contains 7 P 's and its range of violation is 0.85105, where we have used the exact value of the Bell expression for R which seems to be rational.
Therefore, we suggest the following generalized definition of violation factor, η, in terms of the amount of violation, δ, and the range of violation, R:
We have used the range of violation in the above definition because there are inequalities with different number of P 's but the same range of violation. With this definition the violation factor of our equality (20) is 1.35004 while that of inequality (14) and the one in [14] are 1.152475 and 1.14549 respectively.
V. CONCLUSION
In this paper we introduced an inequality in 33⊗33 case, i.e. in an experiment with two arms, two possible measurements on each arm and three possible outcomes for each measurement. We showed that if non-maximally entangled states are used, the amount by which this inequality is violated and the amount of white noise admixture that can be added to a pure state so that it stops violating, i.e. its tolerance, is not only more than those in 33⊗33 case with maximally entangled state, but also more than those of 55⊗55 case, achieving the same results obtained by others.
Our numerical calculations shows that the total number of independent P 's in 22⊗33 and 33⊗33 cases are 15 and 25 respectively which is in agreement with our analytical calculations in [17] . Note that the dimension of the space of P 's predicted in [18] for the above cases are 14 and 24 respectively.
Based on our numerical calculations we conjectured how to derive the equalities in dimensions higher than two. Then we showed that equalities exist in 33⊗33 case and their tolerance of white noise and violation factor is much more than inequalities. This increasing of tolerance and violation factor in turn make the experiments and any other measurements related to non-locality much more easier.
However, we would like to emphasize that the tolerance of white noise and violation factor of equalities in 22⊗22 case are 1.52241 and 0.58579 respectively (see [17] ), which are more than those of 33⊗33 equalities discussed in this paper (0.50203, 1.35004 respectively). So, in contrast to inequalities, according to our calculations the higher the dimension of the system, the lower the efficiency of the equalities. Note that for inequalities even for an infinite dimensional system the tolerance of white noise admixture and the violation factor currently predicted in the literature are 0.32656 and 1.16164 which are less than those of our 33⊗33 equalities.
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APPENDIX B: THE RANGE OF VIOLATION OF INEQUALITY I
The range of violation of inequality (14), i.e. I, can be found easily if we write I in the form of Eq. (5). We have I = + P . Using P 's as defined in appendix A, the inequality I can be written in terms of γ's as below I = + γ 0000 + γ 0001 + γ 0002 + γ 0100 + γ 0101 + γ 0102 + γ 0200 + γ 0201 + γ 0202 The last equality holds due to Eq. (1). Finally as a result of positivity of γ's, we conclude that |E| + |E c | = 1.
So if according to quantum theory the value of |E c | is known, then the value of |E| would also be known. And in the special case that E is positive then the exact value of E would be specified.
